We consider renormalizable SO(10) Yukawa interactions and put the three fermionic 16-plets into the 3-dimensional irreducible A 4 representation. Scanning the possible A 4 representation assignments to the scalars, we find a unique case which allows to accommodate the down-quark and charged-lepton masses. Assuming type II seesaw dominance, we obtain a viable scenario with the Zee-Wolfenstein neutrino mass matrix, i.e., the Majorana mass matrix with a vanishing diagonal. Contributions from the charged-lepton mass matrix resolve the well-known problems with lepton mixing arising from the vanishing diagonal. In our scenario, fermion masses and mixings are well reproduced for both normal and inverted neutrino mass spectra, and b-τ Yukawa unification and definite predictions for the effective mass in neutrinoless double-β decay are obtained. * E-mail: walter.grimus@univie.ac.at § E-mail: helmut.kuehboeck@gmx.at 1
Introduction
can dispose of the VEVs according to our needs. With this assumption, we will see that the SO(10) × A 4 structure enforces the building blocks of the fermion mass matrices to consist of diagonal and off-diagonal matrices. A crucial role will play the mass matrices of the down quarks and the charged leptons. Requiring solely that the scenario is able to reproduce down-quark masses and charged-lepton masses, singles out a unique case with respect to the transformation of the scalars under SO(10) × A 4 . In that unique viable scenario, under the assumption of type II seesaw dominance, we will find the Zee-Wolfenstein form [18, 19] of the mass matrix of light neutrinos. The well-known phenomenological problems [20] of this mass matrix turn out to be completely resolvable by contributions to lepton mixing from the charged-lepton sector. We want to stress, however, that our usage of the A 4 flavor symmetry does not enforce tri-bimaximal mixing in the lepton sector.
Though we have in mind a supersymmetrized scenario, supersymmetry enters our considerations only via the fermion masses. For the numerics we use masses at the GUT scale, which have been obtained through the renormalization group equations of the MSSM.
Our paper is organized as follows. In Section 2 we summarize the properties of the Zee-Wolfenstein neutrino mass matrix. The SO(10) × A 4 GUT scenario is developed in Section 3. The methods and results of our numerical analysis are discussed in Section 4. Section 5 is devoted to the conclusions.
The Zee-Wolfenstein mass matrix in a nutshell
The Zee model generates Majorana neutrino masses at the one-loop level [18, 21] . Its neutrino mass matrix has, in general, non-zero elements on the diagonal. However, with a suitable 2 symmetry one can enforce a vanishing diagonal in M ν at the one-loop level [19] . This Zee-Wolfenstein neutrino mass matrix is a symmetric 3 × 3 matrix whose diagonal elements are zero:
From now on we will discuss only this case. The restricted Zee model has the property that one can make a basis transformation such that the charged-lepton mass matrix is diagonal but the form of M ν given by (1) persists. Thus, without loss of generality, we will assume in this section that the charged-lepton mass matrix is diagonal.
In diagonalizing the matrix (1), one can first remove the phases of M ν . These phases can be absorbed into the charged-lepton fields. Thus we take the matrix entries a, b, c to be real. Since the Zee-Wolfenstein mass matrix is traceless and symmetric one has [22] 
where the λ i denote the real eigenvalues of M ν . Writing m i for the masses of the light neutrinos, we have m i = |λ i |.
In the case of inverted ordering m 3 < m 1 < m 2 of the neutrino masses (∆m
, it has been pointed out in Ref. [20] that the mass matrix (1) together with ∆m 2 ⊙ ≪ ∆m 2 atm leads, for all practical purposes, to maximal solar mixing θ 12 = π/4 and θ 13 = 0. Furthermore, the atmospheric mixing angle θ 23 can be chosen to be maximal. While the latter two properties are most welcome, maximal solar mixing is excluded by more than 5σ by experimental data [23] . In [24] it is has been shown that deviations from maximal solar mixing are severely constrained through
The neutrino masses are approximately given by
Thus one obtains m 3 ≪ m 1 ≃ m 2 and the resulting neutrino mass spectrum exhibits an inverted hierarchy. In the case of the normal ordering m 1 < m 2 < m 3 of the neutrino masses (∆m
) things are even worse. Although it is now possible to have maximal atmospheric mixing and, at the same time, allowing the solar mixing angle to be in perfect agreement with experimental data, the mixing angle θ 13 turns out to be much too large [20] :
The neutrino mass spectrum can be estimated by
Therefore, all neutrino masses will be of the same order of magnitude, but the mass spectrum cannot be quasi-degenerate. Concerning neutrinoless double-β decay, the relevant observable is the effective Majorana neutrino mass | m ββ | ≡ | i U 2 ei m i |, where U denotes the unitary leptonic mixing (PMNS) matrix. The mass | m ββ | is equal to the modulus of the (e, e) matrix element of M ν , which is exactly zero in the Zee-Wolfenstein case. Thus the model prevents neutrinoless double-β decay.
In summary, the Zee-Wolfenstein model is not viable because it does not give a consistent explanation of all current experimental data of the neutrino sector (i.e. two masssquared differences plus three mixings angles). It is the purpose of this paper to embed the Zee-Wolfenstein neutrino mass matrix in an SO(10) GUT. In such an environment, the zeros in the diagonal of M ν are not stable under a basis change such that the chargedlepton mass matrix becomes diagonal. Therefore, as we will show, contributions from the charged-lepton sector can provide the necessary remedy for correcting the too large mixing angle θ 12 in the case of inverted hierarchy and θ 13 in the case of normal hierarchy [25] . As an additional bonus, a non-vanishing | m ββ | and, therefore, neutrinoless double-β decay becomes possible.
The SO(10) × A 4 model
The tensor product of the SO(10) spinor representation of the fermions is given by [26, 27] 16 ⊗ 16 = (10 ⊕ 126) S ⊕ 120 AS ,
where the subscripts S and AS refer to symmetric and antisymmetric Yukawa coupling matrices, respectively. Renormalizable SO(10) GUTs can generate fermion masses at the tree level only by the scalar irreps 10, 120 and 126. The 12-element group A 4 is popular as a family symmetry in model building-see [14] for a selection of the vast A 4 literature and [15] for a review on the group A 4 and models. It has three one-dimensional irreps and one three-dimensional irrep. The tensor product 3 ⊗ 3 contains all one-dimensional irreps exactly once, but the three-dimensional irrep is contained twice. While the Yukawa couplings corresponding to the one-dimensional irreps are diagonal and, therefore, symmetric, the couplings of the 3 ⊕ 3 ∈ 3 ⊗ 3 are off-diagonal, but no special symmetry property is fixed. However, Eq. (7) suggests to choose one three-dimensional irrep with symmetric and the other one with antisymmetric tensor indices:
Now we consider SO(10) × A 4 and investigate possible Yukawa couplings and fermion mass matrices under the assumption that the fermions transform as 16 ⊗ 3, which is is clearly the only reasonable choice if we want to take advantage of the non-abelian character of A 4 . Equations (7) and (8) dictate that the 120 can only transform as a 3 under A 4 , while for the for 10 and 126 singlet and triplet irreps of A 4 are possible. Let us consider the case where the scalars responsible for Yukawa couplings transform as
Then, in a symbolic way, writing down only the A 4 part, the Yukawa couplings are given by 
where a is a family index and ω = (−1 + i √ 3)/2. Furthermore, we make two assumptions:
i) All VEVs which occur in the scalars can have independent values.
ii) Type II seesaw dominates in the neutrino mass matrix.
These assumptions together with Eq. (9) define the scenario we will investigate in the following. We furthermore assume that our models can be extended in a suitable way to solve the doublet-triplet splitting problem.
1 Moreover, since we have in mind the MSSM, with only two Higgs doublets, as the low-energy limit of our SO(10) models we must assume a suitable doublet-doublet splitting as well, which is usually achieved by finetuning [31] . These assumptions are not innate to the models presented here but are well-known problems in GUTs.
Let us now derive some consequences of our scenario. Because of assumption i), the Yukawa couplings (10) produce diagonal mass terms with three independent entries, one for the up-quark mass matrix (q = u) and another one for the down quark mass matrix (q = d):
where the v qi are the VEVs appearing in the scalar 10-plets. Next we consider the Yukawa couplings (11) . Again because of assumption i), this Yukawa interaction generates two independent off-diagonal contributions to the mass matrices of up and down quarks. Studying the system of mass matrices, we find that assumptions i) and ii) lead to a decoupling of the up-quark mass matrix M u from the rest of the system. This is so because the quark mass matrices are given by
and H are independent diagonal matrices, while F ′ and F are independent off-diagonal matrices. Therefore, M u would only be related to the system of mass matrices through the neutrino Dirac-mass matrix M D = H ′ − 3 F ′ , but this relationship is irrelevant due to assumption ii). Since M u is a general symmetric matrix independent of the rest of the system of mass matrices, the CKM matrix can always be reproduced. The other side of the coin is that our scenario loses predictivity because it is neither restricted by the values of the up-quark masses nor by the experimental information on the CKM matrix.
The remaining system of mass matrices which we want to study consists of the mass matrices of down-type quarks and charged-leptons, given by
respectively, where H is diagonal, while F is off-diagonal, and of the neutrino mass matrix M ν of Eq. (1). Without loss of generality, H can be assumed to be real, but F and M ν have complex entries. 2 Note that in view of assumption i) the entries in M ν are independent of F , but M ℓ and M ν are coupled via the PMNS matrix (14) Counting the number of parameters, we find nine absolute values and five phases, 3 while the number of observables to be fitted is 11: three charged-lepton masses, three downquark masses, two neutrino mass-squared differences and three lepton mixing angles. The fitting procedure and predictions of our scenario will be exposed in the next section.
We note that the family symmetry A 4 has the effect of generating independent diagonal and off-diagonal contributions to the quark and lepton mass matrices. Adhering to the two assumptions presented above but using other A 4 representations than those of Eq. (9), we can find several other scenarios. E.g., with 120-plets, antisymmetric off-diagonal mass GeV for tan β = 10. The charged-fermion masses are taken from [32] , except for the values of m d and m s ; these were obtained by taking their low-energy values from [33] and scaling them to M GUT . As for ∆m 2 atm , we use the value obtained in [23] . We have copied the remaining input from Table I in [7] . Charged-fermion masses are in units of MeV, neutrino mass-squared differences in eV 2 . We have used the abbreviations s Table 2 . There we confine ourselves to a maximum of three scalars per SO(10) irrep, the 126-plet must always be present to allow a viable type II seesaw neutrino mass matrix and the 10 and 120 are not present at the same time; the latter condition is for avoiding a proliferation of parameters. However, it will turn out that the only viable scenario is the one defined via Eq. (9).
The numerical analysis
We perform a global χ 2 analysis of the SO(10) × A 4 scenario defined by Eq. (9) and assumptions i) and ii) by employing the downhill simplex method [28] . In Table 1 the observable quantities O i are specified in the form
whereŌ i and σ i denote central values and 1σ deviations, respectively. The index i = 1, . . . , 11 labels the different observables given in x for the set the 14 model parameters and P i (x) for the resulting model predictions, one can define a χ 2 function by
The global minimum of χ 2 will represent the best possible agreement of theoretical predictions and experimental data. This minimization task is performed using the downhill simplex method.
For investigating the variation of χ 2 as a function of the value O of an observable O, we add the "pinning term" (P (x) − O) 2 /(0.01 O) 2 to χ 2 , where P (x) represents the theoretical prediction for O. Note that if O agrees with one of observables O i occurring in χ 2 of Eq. (16), the O i term has to be removed from Eq. (16) . The small error in the denominator of the "pinning term" guarantees to pin the observable O down to the value O. The pinning procedure performs as desired when the contribution of the pinning term to χ 2 is negligible. As mentioned at the end of Section 3, we have not only investigated the scenario defined by Eq. (9) but also a variety of others which are characterized by the A 4 transformation properties of their scalar SO(10) multiplets in columns 2-4 of Table 2 (models A-E'). We have found that all these scenarios fail already to reproduce the down-quark and chargedlepton masses-see the value of the corresponding χ 2 dℓ in the last column of Table 2 .
5 For comparison we have also presented the χ 2 dℓ of our successful scenario in the line labeled by E, which will be investigated in the rest of this paper. 5 For case A this failure is trivial: M d and M ℓ are symmetric with a vanishing diagonal, therefore, Eq. (2) holds, which is in contradiction to the strong hierarchy in the down-quark and charged-lepton masses.
Predictions for the case of normal neutrino mass ordering
We search for the best-fit solution for the normal neutrino mass spectrum m 1 < m 2 < m 3 . In this case we find an excellent fit with the following properties:
The corresponding values of the matrix elements of H, F , M ν are given by (13) which, on the other hand, leads to the desired unification of m b and m τ , as will be discussed in Section 4.3.
As explained in Section 2, the three light neutrino masses cannot be independent of each other. The sum of the eigenvalues of M ν must be zero, which translates into m 1 + m 2 − m 3 = 0. This can easily be verified for the neutrino masses of the best-fit (17) . The sum of the neutrino masses is Σ ≡ i m i = 2 m 3 = 0.11 eV, which lies safely below the cosmological bound Σ < ∼ 1 eV [35] . The neutrino mass spectrum has to fulfill the approximate relation (6) . Inserting the central value for ∆m 2 atm from Table 1 into Eq. (6) gives m 1 ≃ m 2 ≃ 2.89 × 10 −2 eV and m 3 ≃ 5.77 × 10 −2 eV, which is in good agreement with the above best-fit results. The quantity R ≡ m 1 / ∆m 2 ⊙ measures how hierarchical a neutrino mass spectrum is. χ 2 as a function of R is depicted in the right panel of Figure 1 . We read off that R ∼ 3.1 is preferred and for the values 2.4 < ∼ R < ∼ 3.7 one obtains fits with χ 2 < ∼ 15. Thus the mass spectrum is neither hierarchical nor quasi-degenerate, 6 but is located between these extrema. The narrow range of allowed values for R reflects the clear-cut prediction of the Zee-Wolfenstein mass matrix for the neutrino mass spectrum. Figure 1 
On the other hand, the phases β 1 and β 2 are actually functions of the parameters of our scenario and are determined by the fit. Using the best-fit parameters (18) for the calculation of the effective Majorana mass, we obtain | m ββ | = 28.4 meV, which is identical to the upper bound in (20) . Figure 2 presents the change of χ 2 when | m ββ | is varied. We can read off that the range for the effective mass is much more restricted than (20) would suggest. Obviously, the increase of χ 2 for larger values of | m ββ | is caused by exceeding the upper bound of (20) . The strong increase of χ 2 for smaller values of | m ββ |, however, is a clear-cut model prediction. For instance, allowing for only moderate good fits with χ 2 < ∼ 5 results in the severely restricted range 25 meV < ∼ | m ββ | < ∼ 31 meV, which could be tested by future neutrinoless double-β decay experiments sensitive to | m ββ | > ∼ 10 meV.
Predictions for the case of inverted neutrino mass ordering
The best-fit solution for the inverted neutrino mass spectrum m 3 < m 1 < m 2 turns out to be excellent as well. It is characterized by the following properties: The χ 2 analysis reveals that the removal of the non-trivial complex phases from F and M ν does not affect the goodness of the fit. Thus we specified here the fitting parameters for the CP conserving case.
7 However, the subsequent numerical analysis is performed with the inclusion of the five phase parameters (CP non-conservation). As in the case of normal neutrino mass ordering, the main contribution to χ 2 is caused by the bottom-quark mass m b , being too large by 0.95σ. All the other observables are fitted very accurately. 7 For the normal neutrino spectrum, however, the CP conserving case results in a worse, but still very good fit with χ 2 = 1.94. Here, the main contributions to χ 2 stem from m b (+1.23σ) and sin 2 θ 23 (−0.64σ) . Thus the GUT model allows for a considerably reduction of the maximal solar mixing angle θ 12 , which spoiled the Zee-Wolfenstein model.
M ν being of the Zee-Wolfenstein form implies m 1 − m 2 + m 3 = 0 for the three light neutrino masses. Taking the neutrino masses from the best-fit (21), we get Σ ≡ i m i = 2 m 2 = 0.10 eV, which is safely below the cosmological limit [35] . Inserting the central values for the mass-squared differences from Table 1 into Eqs. (4) gives m 1 ≃ m 2 ≃ 5 × 10 −2 eV and m 3 ≃ 7.9 × 10 −4 eV, which is in good agreement with the numerically obtained best-fit values (21) . χ 2 as a function of R ≡ m 3 / ∆m 2 ⊙ is shown in Figure 1 (right panel). We can read off that R ∼ 0.09 is preferred and for the values 0.077 < ∼ R < ∼ 0.11 one gets fits with χ 2 < ∼ 15. As in the case of normal neutrino mass ordering, the range for R is very restricted. Hierarchy is strongly preferred, however, too small values for m 3 are strictly forbidden. Figure 1 (middle panel) depicts the constraints on the solar mixing angle θ 12 . We can read off that values for sin 2 θ 12 smaller than 0.3 become increasingly disfavored. However, very good fits can also be found for values of sin 2 θ 12 larger than the best-fit value, and maximal solar mixing also represents a very good fit.
Regarding the atmospheric mixing angle θ 23 , Figure 1 (left panel) reveals that the whole physically allowed range for sin 2 θ 23 gives very good fits and therefore no prediction can be obtained. This property is seemingly a legacy of the original Zee-Wolfenstein model, where the atmospheric mixing angle for inverted neutrino mass ordering is unconstrained [20] .
As for the mixing angle θ 13 , we find sin 2 θ 13 = 2. 
With m 3 from the best-fit and taking for the other parameters in (23) the corresponding central values in Table 1 , free variation of the two complex phases results in the following bounds on the effective Majorana neutrino mass:
On the other hand, employing the best-fit parameters (22), we obtain | m ββ | = 18.4meV, which is located close to the lower bound of (24). Figure 2 shows the change of χ 2 under variations of | m ββ |. We can see that the range for the effective mass is less restricted than in the case of normal neutrino spectrum. Clearly, the strong increase of χ 2 for smaller values of | m ββ | comes from falling below the lower bound of (24) . The rise of χ 2 is less dramatic when moving to larger values of | m ββ |. However, there is a clear bias towards values of | m ββ | in the lower half of the range spanned by (24) . We can also read off from Figure 2 that allowing moderately good fits with χ 2 < ∼ 5 gives 13 meV < ∼ | m ββ | < ∼ 35 meV. Moreover, we can see that the | m ββ | regions where χ 2 > ∼ 2 are overlapping for both neutrino mass orderings and thus one cannot discriminate with | m ββ | between normal and inverted mass spectrum in the overlap region. However, | m ββ | < ∼ 20 meV (which is preferred) or | m ββ | > ∼ 33 meV is only possible for an inverted hierarchy in our scenario. There also exists an upper bound on m b in Figure 3 at about 1250 MeV, which is located below the central input value of m τ at 1292 MeV. In contrast to the normal neutrino mass spectrum, however, the inverted spectrum seems to prefer values for m b near its lower bound, as can be read off from Table 1 .
b − τ unification
In summary, our scenario imposes rather rigid constraints on m b and favors b − τ unification. This feature is apparently caused by the SO(10) relation (13) between the mass matrices of charged-leptons and down-quarks, which differ only by a factor of −3 in the off-diagonal matrix elements.
Conclusions
In this paper we have presented an attempt to combine an SO(10) GUT with the family symmetry A 4 . We have considered renormalizable Yukawa interactions, therefore, the choice of scalar SO(10)-plets for fermion mass matrices is confined to 10, 120 and 126. The three fermion families are accommodated in an A 4 triplet. For fitting purposes we use the fermion masses at the GUT scale evolved by the renormalization group equations of the MSSM. As a further important prerequisite we assume that the VEVs occurring in the scalar SO(10) multiplets can be freely chosen for the purpose of fitting fermion masses and mixings. Our investigation consists of two steps-for the details see Section 3.
In the first step we have considered only the down-quark and charged-lepton mass matrices. We have assigned all possible A 4 representations to the 10, 120 and 126 and checked, if the down-quark and charged-lepton masses can correctly be reproduced. In this way we have identified a unique successful scenario given by the 10 in 1 ⊕ 1 ′ ⊕ 1
′′
of A 4 and the 126 in the 3 of A 4 . This is a non-trivial result, because we use only six masses for probing mass matrices constructed with more than six parameters. The mass matrices (13) of the successful scenario (9) reflect the SO(10)×A 4 structure: The 10-plets contribute a general diagonal and the 126-plets a general off-diagonal matrix to the mass matrices.
In the second step we have assumed type II dominance in the seesaw mechanism generating light neutrino masses. Since only the 126-plets contribute to the neutrino mass matrix, we obtain the Zee-Wolfenstein mass matrix.
The scenario gives an excellent fit to all known data on fermion masses and mixings and shows, therefore, the compatibility of the family group A 4 with SO(10) GUTs. In summary, we have found the following features:
• All mass matrices are symmetric.
• In the charged-fermion sector, as an effect of SO(10) × A 4 , the building blocks of the mass matrices are general diagonal and off-diagonal matrices, generated by the VEVs of scalar 10-plets and 126-plets, respectively.
• M ν is given by the Zee-Wolfenstein matrix with its definite predictions for the neutrino masses derived from Eq. (2).
• The scenario can equally well accommodate normal and inverted neutrino mass spectra.
• The lepton mixing angles of the Zee-Wolfenstein mass matrix which are in disagreement with the data are corrected by contributions to the PMNS matrix from M ℓ .
• There are definite predictions for | m ββ | for both spectra.
• Our scenario gives b-τ Yukawa unification.
On the negative side we note that our scenario does not feature tri-bimaximal lepton mixing, however, some minor constraints on the lepton mixing angles exist-see Sections 4.1 and 4.2. Moreover, up-quark masses and the CKM matrix are completely free and can thus be adapted to the data without imposing any restrictions on the parameters of the mass matrices M d , M ℓ and M ν .
